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Frequency in Drude Model
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A method for predicting the optical constants and the radiative properties of
metals and heat mirror films, by introducing an expression for the damping
frequency in the Drude model, is described. The directional emissivity of aluminum
predicted by this method agrees well with the classical experimental values given
by Schmidt and Eckert. The prediction of the normal emissivity of indium�tin�
oxide (ITO) heat mirror films is in agreement with our measured results. The
directional emissivity of copper predicted using this method is reported. The
calculated result of the spectrum normal emissivity of copper at 4 +m and 20%C
is also given, which supports the measured result. The values for the directional
emissivity of aluminum calculated by using various methods based on the
Hagen�Rubens relation are reported, and the values do not agree with the
experimental results.

KEY WORDS: aluminum; copper; damping frequency; Drude model; optical
properties; radiative properties.

1. INTRODUCTION

The thermal radiative properties of optically smooth surfaces and films can
be predicted, if their optical constants, refractive index n, and extinction
coefficient k are known. The optical constants can be determined by rela-
tions based on the dispersion theory that establishes the connection among
n, k, and the electrical properties of a material.
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It is known that, for good conductors in the infrared region, Hagen
and Rubens verified on the basis of their experimental study of the reflec-
tion of polished metals that n and k are sufficiently high, and moreover,
they are closer and closer to each other with an increase in wavelength *,
and the relation nrk exists. Thus, from the Drude model together with the
Fresnel equations, a simplified formula can be derived to predict the reflec-
tivity in the infrared at normal direction, \* , as [1�3]

\*=1&0.365 � 1
_*0

(1)

where _ is the electrical conductivity and *0 is the wavelength in vacuum.
The above-mentioned formula is usually called the Hagen�Rubens

equation and was generally introduced to estimate the normal reflectance
for metals [4, 5] and for heavily doped oxide semiconducting heat mirror
films [6, 7]. However, the use of this relation to predict the normal reflec-
tance of these materials can result in serious error, because the assumption
of nrk is not entirely satisfied. Additionally, because of the difficulty
associated with measurement of the directional emissivity, few experimental
data are presented in books on thermal radiation heat transfer [4, 5, 8].

This paper reports a method in which an expression for the damping
frequency #0 is introduced into the Drude model for predicting the direc-
tional emissivity of some materials [9]. We call it the D-R method.
Calculated values for aluminum and single layer ITO heat mirror obtained
using the D-R method agree well with the experimental values given by
Schmidt and Eckert and our experimental data, respectively. It is shown
that the results calculated with the Hagen�Rubens relation exhibit an evi-
dent departure from the experimental values. The total normal emissivity
and the spectrum normal emissivity of copper at 4 +m and 20%C are also
given, and they support the experimental results obtained by Eckert and
the results reported in Ref. 5, respectively.

2. EMISSIVITY AND RELATIONS BETWEEN THE OPTICAL
CONSTANTS AND THE DIELECTRIC FUNCTION

2.1. Relations Between the Emissivity and the Optical Constants

An electromagnetic wave that travels through air (whose refractive
index nr1) and hits the surface of metal (whose complex refraction index
N=n&ik) can be resolved into two components of polarization, the
perpendicular and the parallel polarized components. The ratios of the
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complex amplitudes of the reflected electric vectors to the complex ampli-
tudes of the incident electric vectors can be expressed by [10]

rs*(%)=&
sin(%&;)
sin(%+;)

(2)

rp*(%)=&
tg(%&;)
tg(%+;)

(3)

where the subscripts s and p denote the perpendicular and parallel com-
ponents, respectively. ; is the angle of refraction within the metal and can
be determined by Snell's law expressed as

sin ;=
sin %

N
=

sin %
n&ik

(4)

Substituting Eq. (4) into Eqs. (2) and (3), the reflectivities for the per-
pendicular and the parallel-polarized components are then obtained as

Rs*(%)=|rs* | 2=
(n cos ;&cos %)2+(k cos ;)2

(n cos ;+cos %)2+(k cos ;)2 (5)

Rp*(%)=|rp* |2=
(n cos %&cos ;)2+(k cos %)2

(n cos %+cos ;)2+(k cos %)2 (6)

Equation (4) can be expressed as cos ;=qei$, where

q=�_1&
n2&k2

(n2+k2)2 sin2 %&
2

+_2nk sin2 %
(n2+k2)2&

2

(7)

$=0.5arctan
2nk sin2 %�(n2+k2)2

1&[(n2&k2) sin2 %�(n2+k2)]
(8)

For metals in the region of long wavelength thermal radiation, the follow-
ing relations are valid:

(n2+k)2>>2nk (9)

(n2+k)2>>|(n2&k2) sin2 %| (10)
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Thus, from Eqs. (7) and (8), we know that q � 1 and $ � 0 in this region,
that is, cos ; � 1, and then, Eqs. (5) and (6) can be simplified, respectively,
to

Rs*(%)=|rs* |2=
(n&cos %)2+k2

(n+cos %)2+k2 (11)

Rp*(%)=|rp* |2=
(n cos %&1)2+(k cos %)2

(n cos %+1)2+(k cos %)2 (12)

For the unpolarized incident radiation, the reflectivity R* can be determined
by R*=0.5(Rp*+Rs*). Hence, according to Kirchhoff 's law, the mono-
chromatic emissivity, =*(%), can be written as

=*(%)=1&R*(%)=1&0.5(Rp*+Rs*) (13)

2.2. Relations Between the Dielectric Function and the Optical Constants

The relations between the frequency-dependent complex dielectric
function, =*(|)==1(|)+i=2(|), and the complex refractive index are

n2&k2==1(|) (14)

2nk==2(|) (15)

where | is the angular frequency, and =1(|) and =2(|) are the real and
imaginary parts of the complex dielectric function, respectively.

Considering that the relations n<<k and =1(|)<0 are valid for metals
in the long wavelength thermal radiative region (�|<0.39 eV), the refrac-
tive index, n, and extinction coefficient, k, can be related to the real and
imaginary parts of the complex dielectric function through Eqs. (14) and
(15), respectively, as

n=�1
2

=1(|) _1&�\1+
=2

2(|)
=2

1(|)+& (16)

k=�&
1
2

=1(|) _1+�\1+
=2

2(|)
=2

1(|)+& (17)

If the real and imaginary parts of the complex dielectric function are
known, the optical constants n and k can be determined by Eqs. (16) and
(17). The spectral directional emissivity =*(%) can be obtained based on
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Eqs. (11)�(13), and then, the total directional emissivity can, finally, be
predicted by

=(%)=
��

0 =*(%) Ib*d*
��

0 Ib*d*
(18)

where Ib* is the radiation intensity of a black body.

3. THE COMPLEX DIELECTRIC FUNCTION

3.1. The Complex Dielectric Function of Metals

The frequency-dependent complex dielectric function of metals =*(|)
consists of the intraband excitations due to the free electron-like behavior
and the interband excitations associated with bound-electron effects. They
thereby can be expressed as follows [11, 12]:

=*(|)==1(|)+i=2(|)=1+/f(|)+/b(w) (19)

where /f(|) is the susceptibility of the free electron and /b(|) is the suscep-
tibility of the bound electron. With the help of the Drude model, /f(|) can
be written in the form

/f(|)=&
|2

N

|(|+i#)
=&

|2
N

|2+#2+i
|2

N

|
#

|2+#2 (20)

where # is the damping frequency and |2
N=e2ne �=0me , e is the charge of

an electron, ne is the free electron concentration, =0 is the dielectric constant
in vacuum, and me is the effective mass of electrons. /b(|) was well
described in the random phase approximate theory and can be expressed
as [11, 13]

/b(|)=/b
1(|)+i/b

2(|) (21)

where /b
1(|) and /b

2(|) are the real and imaginary parts of /b(|). By using
Eqs. (20) and (21), the complex dielectric function will be

=*=1&_ |2
N

|2+#2&/b
1(|)&+i _|2

N

|
#

|2+#2+/b
2(|)& (22)

In the high-frequency region (�|>4 eV), /b
1(|) tends to be equal to

a constant and /b
2(|) vanishes [11, 12]. Then Eq. (22) reduces to

=*=1&
|2

N

|2+#2+/b
1(|)+i

|2
N

|
#

|2+#2 (23)
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In the case for | � �, Eq. (23) becomes

=*(�)=1+/b
1(|)==� (24)

where =� is the high frequency dielectric constant. Substituting Eq. (24)
into Eq. (23), we have

=*==�&
|2

N

|2+#2+i
|2

N

|
#

|2+#2 (25)

In general, the real part of =* vanishes near the plasma oscillation reso-
nance frequency |p , so that with the use of Eq. (25), |2

N can be given by

|2
N==�(|2

p+#2) (26)

Substituting Eq. (26) into Eq. (20), we have

/f(|)=&=�

|2
p+#2

|2+#2+i=�

|2
p+#2

|
#

|2+#2 (27)

In the low-frequency region (�|<0.39 eV), /b(|) vanishes for metals.
Using Eq. (27), the complex dielectric function from Eq. (19) becomes

=*==1+i=2r1+/f(|)=1&=�

|2
p+#2

|2+#2+i=�

|2
p+#2

|
#

|2+#2 (28)

The plasma frequency of the metal, |p , in the above equations can be
found in the literature.

Generally, at room temperature, quantum effects can be neglected, and
so, taking into account the interaction of electrons, the damping frequency
# in the above equations can be written [14]

#(T, |)=#0 _1+\ �|
2?kBT +

2

& (29)

where kB is the Boltzmann constant, T is the absolute temperature, and #0

is the classical damping frequency and is frequency independent. A more
detailed discussion and an expression for the damping frequency #0 were
given with the form in Ref. 9, that is,

#0=_
1&- 1&(2|p=0 =� �_)2

2=0=�
(30)
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With a knowledge of # and |p , =1(|) and =2(|) can be calculated,
respectively, by

=1(|)=1&=�

|2
p+#2

|2+#2 (31)

=2(|)==�

|2
p+#2

|
#

|2+#2 (32)

Then, with the optical constants, n and k, determined using Eqs. (16) and
(17), the thermal radiative properties can be predicted based on the Fresnel
equations.

3.2. The Complex Dielectric Function of Heavily Doped Oxide
Semiconductors

The complex dielectric function of a heavily doped semiconductor was
discussed in previous work [9] and can be expressed as follows:

=1==�&
|2

N

|2+#2
0

==� \1&
|2

p+#2
0

|2+#2
0+ (33)

=2=
|2

N#0

|(|2+#2
0)

==�
#0

| \
|2

p+#2
0

|2+#2
0+ (34)

|2
p=

e2ne

=�=0mc*
&#2

0 (35)

where mc* is the effective mass of electrons.
The plasma frequency, |p , can be determined by the intersection of

the transmittance and reflectance spectral curves in the range of 0.35�*
�2.5 +m [9], while the sheet resistance, Rg , and the thickness, d, of the
film can be measured experimentally. Then the electrical conductivity, _,
can be determined by _=1�(Rg d ). The normal emissivity, =n , for ITO
heat mirror films at T=333 K was measured with a portable device devel-
oped by SIC, CAS [15].

4. RESULTS

The experimental results for the directional emissivity of aluminum at
T=443 K [8] reported by Schmidt and Eckert [4, 5, 8], the predicted
results obtained using the D-R method, and the deviations ($D-R) between
them are presened in Table I. Results predicted by other methods and their
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deviations $x are also illustrated in the same table. These methods are as
follows.

Method A: The results were obtained using the Hagen�Rubens rela-
tion and Fresnel equations [4, 5],

n=kr- 30_*0 (36)

=(%) is then obtained using Eqs. (11)�(13) and (18).

Method B: Assuming n=k, Eqs. (11) and (12) become

Rs*(%)=|rs* |2=
(n&cos %)2+n2

(n+cos %)2+n2 (37)

Rp*(%)=|rp* |2=
(n cos %&1)2+(n cos %)2

(n cos %+1)2+(n cos %)2 (38)

Thus, =*(%) can be calculated using Eqs. (13), (29)�(32), (37), and (38)
combined with Eq. (18) to obtain =(%).

Method C: Assuming n=k, and substituting k into Eqs. (11) and
(12) as

Rs*(%)=|rs* |2=
(k&cos %)2+k2

(k+cos %)2+k2 (39)

Rp*(%)=|rp* |2=
(k cos %&1)2+(k cos %)2

(k cos %+1)2+(k cos %)2 (40)

Results were obtained using Eqs. (13), (18), (29)�(32), (39), and (40).

Method D: Assuming n=k, from Eq. (15)

n=k=- 0.5=2 (41)

Results were obtained using Eqs. (11)�(13), (18), (29), (31), and (32).
Predicted results for Al and the experimental data reported by

Schmidt and Eckert are plotted in Fig. 1 for comparison. Results of the
directional emissivity of copper at T=293 K are given in Table II. The
methods used for obtaining the results in columns D-R, A, B, C, and D are
the same as stated above.

Table III lists the predicted results of the total normal emissivity of
aluminum at T=773 K and copper at T=293 K, the spectrum normal
emissivity of copper at 4 +m and 293 K, and measured results from the
literature.
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Fig. 1. Directional variation of surface emissivity for
aluminum.

Table II. Directional Emissivity of Copper Predicted by the D-R and Other Methods

Cu Angle (%) D-R Aa Ba Ca Da

|p=1.13_1016 rad } s&1 [11]
_=5.81_107 0&1 } m&1 [16]
=�=1.6 [11]
T=293 K
Calculated from 4.95 to

75.94 +m

0 0.029 0.021 0.094 0.039 0.057
10 0.029 0.021 0.094 0.039 0.057
20 0.029 0.021 0.094 0.039 0.057
30 0.029 0.021 0.095 0.039 0.057
40 0.029 0.021 0.096 0.039 0.058
50 0.030 0.021 0.100 0.040 0.060
60 0.031 0.021 0.109 0.043 0.065
70 0.034 0.022 0.130 0.049 0.077
80 0.043 0.022 0.192 0.070 0.116
85 0.063 0.022 0.278 0.109 0.182

a Various prediction methods as described in Section 4.

Table III. Results of Measurements and Predictions by the D-R Method for the Total
Normal Emissivity of Al and Cu and the Spectrum Normal Emissivity of Cu at 4 +m

Sample T (K) =n, D-R =n, Exp =n, D-R, * =n, Exp, *

Al 773 0.057 0.050a �� ��
Cu 293 0.029 0.030 �� ��
Cu 293 �� �� 0.0257 0.027b

a Data from Ref. 8.
b Data from Ref. 5 (p. 113).
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Table IV. Data for ITO Films (Samples I, II, and III)a

|p (1015 Rg d \=_&1 =n =n

Sample rad } s&1) (0�g) (10&6 m) (10&6 0 } m) (Exp) (D-R) Ab Bb Cb Db

I 1.02 9.0 0.48 4.32 0.190 0.193 0.049 0.363 0.226 0.289
II 1.18 5.2 0.57 2.96 0.160 0.163 0.041 0.336 0.190 0.269
III 1.36 3.7 0.78 2.89 0.158 0.166 0.040 0.299 0.192 0.240

a |p , plasma frequency; Rg , sheet resistance; d, thickness; \ and _, resistivity and electrical
conductivity, respectively; =n , normal emissivity.

b Various prediction methods as described in Section 4.

Table IV gives the room-temperature data on |p , Rg , d, _, and the
emissivity of the samples, =n , for ITO heat mirror films deposited by RF sput-
tering onto 2-mm-thickness unheated glass. The methods used for obtaining
the results in columns D-R, A, B, C, and D are the same as in Table I.

The deviation of the predicted result for Al from the experimental
value is about 16.80 at %=80% and less than 11.50 at other angles. From
the results predicted by the D-R method and the experimental results given
by Schmidt and Eckert, we note that when % is greater than 80% the varia-
tion of total directional emissivity with % is quite sensitive. For this reason
we think that an evident deviation in total directional emissivity can arise
when there is little error in the determination of %.

The values for the high-frequency dielectric constant =� of aluminum
are reproduced in Table I. These values conflict with results given in Ref. 4
(Figs. 3�7, p. 93).

5. CONCLUSIONS

The success of the D-R method was verified by good agreement
between predicted results for Al and experimental values given by Schmidt
and Eckert, as shown in Table I and Fig. 1. It can also be seen in Table II
that the results given by the D-R method are in agreement with those
of experimental measurements, but the deviations of the results calculated
by using the Hagen�Rubens relation or assuming n=k from the experi-
mental values are obvious. Hence, for predicting the thermal radiative
properties of metals and heavily doped oxide semiconducting heat mirror
films, the D-R method is recommended.
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